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1. MOTIVATION

A fundamental challenge in control theory is designing protocols
that achieve synchronization in interconnected systems. This
work introduces a static feedback protocol derived from the
Linear Regulator problem, where the stabilizing policy is
determined by solving an algebraic equation using a linear
program. Necessary and sufficient conditions are established to
guarantee the positivity of each agent's trajectory for all
nonnegative initial conditions.

2. MODEL DESCRIPTION

Graph Description
o Weighted, undirected, connected graphs (3
GeG, G6={Vg,&}, N=|Vg|, & C Vg x Vg 09

o The regularised Laplacian L of G is ()
D=I-(I+D)'L O
where D is the degree matrix of the graph and D1 = 1.

o We consider graph families for which the regularized Laplacian
eigenvalues p;(G) are lower and upper bounded ©

Glyp ={9 € Gy < pi(G) < B, Vi>1}
where 7 € (—1,8], B €(0,1).
Multi-agent systems

o Arbitrary number of homogeneous, LTI positive agents
zi(t +1) = Az;(t) + Bu;(t); AcR™™ BeR™™. (1)

o The communication network is described by a graph

o Agents access the relative information of their neighbours
through full-state measurements

G = T D el —a(®)

where u; is a function of ¢; .

4. MAIN RESULTS

Linear Regulator-based protocol

Consider the multi-agent system (1),(2) with A € R?*", B € R"*™
Let £ € RT""s € R’ such that s > 0and D be the row stochastic
matrix associated with a graph G € Gy, g Wwith N agents. Suppose

A—(1—-~)BIE>0

v € (—1,1). The LR-based protocol is given by

1 - .
where p 2 -—. 5 € (0,1) and K satisfies (3) with
A—A B=B, E-'E
0

Positive synchronization
Consider a graph family 7 € G, g and the multi-agent system (1),
(2). Suppose there exists © = —Kzwith |u| < Exand A — BK is
Schur. Recall the protocol (4). Suppose also that

1
1+ Z;\Tzl W
The trajectories of the multi-agent system remain nonnegative for
all nonnegative initial conditions if and only if BK is nonnegative.

—1<y< Vi=1,...N.
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3. PRELIMINAIRES

State synchronization
o The agents in the network achieve state synchronization if
lim [2;(t) —2;(t)] =0, Vi,je{l,...,N}.

t—o00
o The state synchronisation problem consists of finding, if possible, a linear

static protocol

such that for any graph in the family and all initial conditions state
synchronization is achieved.

i=1,....N

This problem is refer to as the positive consensus problem if, for any selection
of nonnegative initial conditions, the states of the agents remain nonnegative.

o The multi-agent system (1), (2) achieves state synchronization if
it +1) =(A+ 1 —w)BE)n(t), i=2,...,N
are globally asymptotically stable, where
n:=T'@L)r=(mn,...,nn)", D=TApT™, Ap =diag(\1,...,\n)

and the synchronized trajectory is given by
N

2a(t) = At% S n)

Linear Regulator
Let A € R, BeR™™ F ¢ R™*"™and s € R’. Suppose A - \B[E >0,
Then the following problem has a finite value for every nonnegative initial
condition >

inf Z [sTz(t)]

H t=0

Subject to
z(t + 1) = Az(t) + Bu(t), z(0) = z
u(t) = p(x(t)), |ul < Ex

if and only if there exists a vector p € R/, such that p = s + ATp—ET|BTp|.
The optimal control law is K := diag(sign(B ' p))E. (3)

o If s >0 and there exists u = —Kz with|u| < Ex such that A — BK is Schur
stable, then the vector p maximises the linear program

Maximize 1'p over p € RY, ¢ € RY
Subject to p< s+ ATp—ET¢
—-(<BTp<c.

5. SIMULATIONS

Consider multi-agent systems composed by 150 homogeneous, positive
agents and the family of regular graphs G C Fr C G, g Wwith degree 7 and 20.
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