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G[ω,ε] = {G → G |ω ↑ µi(G) ↑ ε, ↓i > 1}
<latexit sha1_base64="pJ9HvpHyF3i6txwGJyKXrTYGO7M=">AAACH3icbVDLSgMxFM34tr6qLt0Ei1Chlpniaym6calgq9AZyp30tg0mmSHJCGXon7jxV9y4UETc+Temj4VaL4QczjmXe++JU8GN9f0vb2Z2bn5hcWm5sLK6tr5R3NxqmCTTDOssEYm+i8Gg4ArrlluBd6lGkLHA2/j+YqjfPqA2PFE3tp9iJKGreIczsI5qFY/DLkgJNOSKlg+CCg1jtBC5v2dSYJjXpByMybHHrwT71UKrWPKr/qjoNAgmoEQmddUqfobthGUSlWUCjGkGfmqjHLTlTOCgEGYG3bx76GLTQQUSTZSP7hvQPce0aSfR7ilLR+zPjhykMX0ZO6cE2zN/tSH5n9bMbOc0yrlKM4uKjQd1MkFtQodh0TbXyKzoOwBMc7crZT3QwKyLdBhC8PfkadCoVYPj6tH1YensfBLHEtkhu6RMAnJCzsgluSJ1wsgjeSav5M178l68d+9jbJ3xJj3b5Fd5X9+Mfp+L</latexit>

ω → (↑1,ε], ε → (0, 1).
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D = I → (I +D)→1L
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Arbitrary number of homogeneous, LTI positive agents 

The communication network is described by a graph                        

Agents access the relative information of their neighbours 
through full-state measurements 

   where      is a function of     . 
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xi(t+ 1) = Axi(t) +Bui(t); A → Rn→n
+ , B → Rn→m.

State synchronization
The agents in the network achieve state synchronization if 

The state synchronisation problem consists of finding,  if possible, a linear 
static protocol         

such that for any graph in the family and all initial conditions state 
synchronization is achieved. 

This problem is refer to as the positive consensus problem if, for any selection 
of nonnegative initial conditions, the states of the agents remain nonnegative. 

The multi-agent system      ,      achieves state synchronization if  

are globally asymptotically stable, where  

and the synchronized trajectory is given by 

                                     

1. MOTIVATION
A fundamental challenge in control theory is designing protocols 
that achieve synchronization in interconnected systems. This 
work introduces a static feedback protocol derived from the 
Linear Regulator problem, where the stabilizing policy is 
determined by solving an algebraic equation using a linear 
program. Necessary and sufficient conditions are established to 
guarantee the positivity of each agent's trajectory for all 
nonnegative initial conditions.

<latexit sha1_base64="C6jLFYGVlF/QPQniqxt8AyZ1FCo="></latexit>

lim
t→↑

[xi(t)→ xj(t)] = 0, ↑i, j ↓ {1, . . . , N} .
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ui(t) = F ωi(t) i = 1, . . . , N
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ω̃i(t+ 1) = (A+ (1→ µi)BF )ω̃i(t), i = 2, . . . , N
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ω := (T→1 → In)x = (ω1, . . . , ωN )↑, D = T!DT
→1, !D = diag(ε1, . . . ,εn)
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xs(t) = At 1

N

∑N

i=1
xi(0).

Let                                                        and             . Suppose                       . 
Then the following problem has a finite value for every nonnegative initial 
condition 

if and only if there exists a vector               such that 

The optimal control law is 

If         and there exists                 with              such that                is Schur 
stable, then the vector    maximises the linear program 
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Ã → Rn→n
+ , B̃ → Rn→m, Ẽ → Rm→n

+
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inf
µ

→∑

t=0

[
s↑x(t)

]

Subject to

x(t+ 1) = Ãx(t) + B̃u(t), x(0) = x0

u(t) = µ(x(t)), |u| → Ẽx
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K := diag
(
sign(B̃→p)

)
Ẽ.
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s > 0
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|u| → Ex
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<latexit sha1_base64="71lGpQHqx3bA6AWk3DT7KxjQl7A="></latexit>

Maximize 1→p over p → Rn
+, ω → Rm

+

Subject to p ↑ s+ Ã→p↓ Ẽ→ω

↓ ω ↑ B̃→p ↑ ω.

<latexit sha1_base64="m4L0hdZGiizCK9gXwMNSWOnjMFc=">AAACBXicbZC7SgNBFIZnvcZ4W7XUYjAINoZd8VbGiGAZwVwgu4TZ2bPJkNmLM7NCSNLY+Co2ForY+g52vo2TZAtN/GHg4z/ncOb8XsKZVJb1bczNLywuLedW8qtr6xub5tZ2TcapoFClMY9FwyMSOIugqpji0EgEkNDjUPe6V6N6/QGEZHF0p3oJuCFpRyxglChttcw9RzHuA748woMMy4Nr7LThHlsts2AVrbHwLNgZFFCmSsv8cvyYpiFEinIiZdO2EuX2iVCMchjmnVRCQmiXtKGpMSIhSLc/vmKID7Tj4yAW+kUKj93fE30SStkLPd0ZEtWR07WR+V+tmargwu2zKEkVRHSyKEg5VjEeRYJ9JoAq3tNAqGD6r5h2iCBU6eDyOgR7+uRZqB0X7bPi6e1JoVTO4sihXbSPDpGNzlEJ3aAKqiKKHtEzekVvxpPxYrwbH5PWOSOb2UF/ZHz+AAYZlv8=</latexit>

Ã→ |B̃|E ↑ 0

4. MAIN RESULTS

Consider the multi-agent system    ,     with                                 .  
Let            ,             such that         and      be the row stochastic 
matrix associated with a graph                 with     agents. Suppose 

                . The LR-based protocol is given by  

where                                     and    satisfies      with       

<latexit sha1_base64="RsovAxsMC90EyykZD6b+nEZwFSY=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoMQL2FXfB2DXjxGNA9IljA7mSRDZmeXmV4hLPkELx4U8eoXefNvnCR70MSChqKqm+6uIJbCoOt+O7mV1bX1jfxmYWt7Z3evuH/QMFGiGa+zSEa6FVDDpVC8jgIlb8Wa0zCQvBmMbqd+84lrIyL1iOOY+yEdKNEXjKKVHsreabdYcivuDGSZeBkpQYZat/jV6UUsCblCJqkxbc+N0U+pRsEknxQ6ieExZSM64G1LFQ258dPZqRNyYpUe6UfalkIyU39PpDQ0ZhwGtjOkODSL3lT8z2sn2L/2U6HiBLli80X9RBKMyPRv0hOaM5RjSyjTwt5K2JBqytCmU7AheIsvL5PGWcW7rFzcn5eqN1kceTiCYyiDB1dQhTuoQR0YDOAZXuHNkc6L8+58zFtzTjZzCH/gfP4AQvuNJA==</latexit>

(1)
<latexit sha1_base64="sX/gpfJwB+0j7Hqg0Yq31cZ9FEo=">AAAB6nicbVDLTgJBEOzFF+IL9ehlIjHBC9klvo5ELx4xipDAhswOvTBhdnYzM2tCCJ/gxYPGePWLvPk3DrAHBSvppFLVne6uIBFcG9f9dnIrq2vrG/nNwtb2zu5ecf/gUcepYthgsYhVK6AaBZfYMNwIbCUKaRQIbAbDm6nffEKleSwfzChBP6J9yUPOqLHSfbl62i2W3Io7A1kmXkZKkKHeLX51ejFLI5SGCap123MT44+pMpwJnBQ6qcaEsiHtY9tSSSPU/nh26oScWKVHwljZkobM1N8TYxppPYoC2xlRM9CL3lT8z2unJrzyx1wmqUHJ5ovCVBATk+nfpMcVMiNGllCmuL2VsAFVlBmbTsGG4C2+vEweqxXvonJ+d1aqXWdx5OEIjqEMHlxCDW6hDg1g0IdneIU3RzgvzrvzMW/NOdnMIfyB8/kDRICNJQ==</latexit>

(2)

<latexit sha1_base64="ldEA+JUJTMqInrs9sUxJwnSgThI=">AAAB6nicbVDJSgNBEK1xjXGLevTSGIR4CTPux6AXjxHNAskQejo9SZOenqG7RghDPsGLB0W8+kXe/Bs7y0ETHxQ83quiql6QSGHQdb+dpeWV1bX13EZ+c2t7Z7ewt183caoZr7FYxroZUMOlULyGAiVvJprTKJC8EQxux37jiWsjYvWIw4T7Ee0pEQpG0UoPpbOTTqHolt0JyCLxZqQIM1Q7ha92N2ZpxBUySY1peW6CfkY1Cib5KN9ODU8oG9Aeb1mqaMSNn01OHZFjq3RJGGtbCslE/T2R0ciYYRTYzohi38x7Y/E/r5VieO1nQiUpcsWmi8JUEozJ+G/SFZozlENLKNPC3kpYn2rK0KaTtyF48y8vkvpp2bssX9yfFys3szhycAhHUAIPrqACd1CFGjDowTO8wpsjnRfn3fmYti45s5kD+APn8wdGBY0m</latexit>

(3)

Linear Regulator-based protocol
<latexit sha1_base64="LqR1bCNZNlU7seeuFqihxMTzfMY=">AAACMnicdVDLSgMxFM34rPU16tJNsAiCUmbE17LWje6q2Ad0xiGTpm1okhmSjFCG+SY3fongQheKuPUjTB8LbfXChcM553LvPWHMqNKO82LNzM7NLyzmlvLLK6tr6/bGZk1FicSkiiMWyUaIFGFUkKqmmpFGLAniISP1sHcx0Ov3RCoaiVvdj4nPUUfQNsVIGyqwr86hRwX0ONLdMExvsrtUeJpyoqDIgv0D6HVVjDBJXc4zWP7XzLPALjhFZ1hwGrhjUADjqgT2k9eKcMKJ0JghpZquE2s/RVJTzEiW9xJFzOoe6pCmgQKZPX46fDmDu4ZpwXYkTQsNh+zPiRRxpfo8NM7BtWpSG5B/ac1Et8/8lIo40UTg0aJ2wqCO4CA/2KKSYM36BiAsqbkV4i6SCGuTct6E4E6+PA1qh0X3pHh8fVQolcdx5MA22AF7wAWnoAQuQQVUAQYP4Bm8gXfr0Xq1PqzPkXXGGs9sgV9lfX0DxFqqiA==</latexit>

A → Rn→n
+ , B → Rn→m

<latexit sha1_base64="93hJytuT3br7VoIGd+HFHZ6b+z4=">AAACCnicbVDLSsNAFJ3UV62vqEs3o0UQhJKIr2VRBJdV7AOaGCbTSTt0MgkzE6GErN34K25cKOLWL3Dn3zhps9DWAxcO59zLvff4MaNSWda3UZqbX1hcKi9XVlbX1jfMza2WjBKBSRNHLBIdH0nCKCdNRRUjnVgQFPqMtP3hZe63H4iQNOJ3ahQTN0R9TgOKkdKSZ+5eQYdy6IRIDXw/vc289DC7T0PoKBoSCXnmmVWrZo0BZ4ldkCoo0PDML6cX4SQkXGGGpOzaVqzcFAlFMSNZxUkkiREeoj7pasqR3uOm41cyuK+VHgwioYsrOFZ/T6QolHIU+rozP1lOe7n4n9dNVHDuppTHiSIcTxYFCYMqgnkusEcFwYqNNEFYUH0rxAMkEFY6vYoOwZ5+eZa0jmr2ae3k5rhavyjiKIMdsAcOgA3OQB1cgwZoAgwewTN4BW/Gk/FivBsfk9aSUcxsgz8wPn8AmMuaPA==</latexit>

E → Rm→n
+

<latexit sha1_base64="4N7M0ZiFyfgpvN0eQFntlfUkJaE=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEQSiJ+FoW3bisYh/QxDKZTtuhk0mYmQglZuGvuHGhiFt/w51/46TtQlsPDBzOuZd75gQxZ0o7zrc1N7+wuLRcWCmurq1vbNpb23UVJZLQGol4JJsBVpQzQWuaaU6bsaQ4DDhtBIOr3G88UKlYJO70MKZ+iHuCdRnB2khte1chjwnkhVj3gyC9ze5TkbWP2nbJKTsjoFniTkgJJqi27S+vE5EkpEITjpVquU6s/RRLzQinWdFLFI0xGeAebRkqcEiVn47yZ+jAKB3UjaR5QqOR+nsjxaFSwzAwk3lONe3l4n9eK9HdCz9lIk40FWR8qJtwpCOUl4E6TFKi+dAQTCQzWRHpY4mJNpUVTQnu9JdnSf247J6VT29OSpXLSR0F2IN9OAQXzqEC11CFGhB4hGd4hTfryXqx3q2P8eicNdnZgT+wPn8AluCV2Q==</latexit>

s → Rn
+

<latexit sha1_base64="f7j4YFBzVnOB1zVQYLFGDQ8B4+o=">AAAB63icbVDLSsNAFL2pr1pfUZduBovgqiTiayVFNy4r2Ae0oUymk3bozCTMTIQS+gtuXCji1h9y5984abPQ1gMXDufcy733hAln2njet1NaWV1b3yhvVra2d3b33P2Dlo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+C73209UaRbLRzNJaCDwULKIEWxySaMbr+9WvZo3A1omfkGqUKDRd796g5ikgkpDONa663uJCTKsDCOcTiu9VNMEkzEe0q6lEguqg2x26xSdWGWAoljZkgbN1N8TGRZaT0RoOwU2I73o5eJ/Xjc10XWQMZmkhkoyXxSlHJkY5Y+jAVOUGD6xBBPF7K2IjLDCxNh4KjYEf/HlZdI6q/mXtYuH82r9toijDEdwDKfgwxXU4R4a0AQCI3iGV3hzhPPivDsf89aSU8wcwh84nz8pxI2t</latexit>

s > 0
<latexit sha1_base64="qBNhxDH87KYAh3J035trzCPYmg8=">AAAB8nicbVDLSgMxFL1TX7W+qi7dBIvgqsyIr2VRFy4r2AdMh5JJM21oJhmSjFCGfoYbF4q49Wvc+Tdm2llo64HA4Zx7ybknTDjTxnW/ndLK6tr6RnmzsrW9s7tX3T9oa5kqQltEcqm6IdaUM0FbhhlOu4miOA457YTj29zvPFGlmRSPZpLQIMZDwSJGsLGS34uxGRHM0V2lX625dXcGtEy8gtSgQLNf/eoNJEljKgzhWGvfcxMTZFgZRjidVnqppgkmYzykvqUCx1QH2SzyFJ1YZYAiqewTBs3U3xsZjrWexKGdzCPqRS8X//P81ETXQcZEkhoqyPyjKOXISJTfjwZMUWL4xBJMFLNZERlhhYmxLeUleIsnL5P2Wd27rF88nNcaN0UdZTiCYzgFD66gAffQhBYQkPAMr/DmGOfFeXc+5qMlp9g5hD9wPn8APyCQlg==</latexit>D

<latexit sha1_base64="+uF13w1eN0NhR3iUB8KxtMPdg5k=">AAACFXicbVDLSgMxFM3UV62vqks3wSK4KGVGfC2LLnRZwT6gM5Q7adqGJpkhyQhl6E+48VfcuFDEreDOvzHTdqGtBwLnnnMvufeEMWfauO63k1taXlldy68XNja3tneKu3sNHSWK0DqJeKRaIWjKmaR1wwynrVhRECGnzXB4nfnNB6o0i+S9GcU0ENCXrMcIGCt1imVfgBkQ4OnN2GcST8owtFUnbft9EALK2A+pgWBc6BRLbsWdAC8Sb0ZKaIZap/jldyOSCCoN4aB123NjE6SgDCOcjgt+omkMZAh92rZUgqA6SCdXjfGRVbq4Fyn7pMET9fdECkLrkQhtZ7a0nvcy8T+vnZjeZZAyGSeGSjL9qJdwbCKcRYS7TFFi+MgSIIrZXTEZgAJibJBZCN78yYukcVLxzitnd6el6tUsjjw6QIfoGHnoAlXRLaqhOiLoET2jV/TmPDkvzrvzMW3NObOZffQHzucPb9Se+g==</latexit>

G → G[ω,ε]

<latexit sha1_base64="pcbS/x7GTePIRZii6DnMXqnwKSs=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQiyeJYh6QLGF20psMmZ1dZmaFEPIHXjwo4tU/8ubfOJvsQaMFDUVVN91dQSK4Nq775RSWlldW14rrpY3Nre2d8u5eU8epYthgsYhVO6AaBZfYMNwIbCcKaRQIbAWj68xvPaLSPJYPZpygH9GB5CFn1Fjp/rbUK1fcqjsD+Uu8nFQgR71X/uz2Y5ZGKA0TVOuO5ybGn1BlOBM4LXVTjQllIzrAjqWSRqj9yezSKTmySp+EsbIlDZmpPycmNNJ6HAW2M6JmqBe9TPzP66QmvPQnXCapQcnmi8JUEBOT7G3S5wqZEWNLKFPc3krYkCrKjA0nC8FbfPkvaZ5UvfPq2d1ppXaVx1GEAziEY/DgAmpwA3VoAIMQnuAFXp2R8+y8Oe/z1oKTz+zDLzgf394rjPA=</latexit>

N
<latexit sha1_base64="llqbQsrlLLD6FcmRnY4jUfqB+Go=">AAACBHicbVDLSsNAFJ3UV62vqMtuBotQFy2J+FrWiuCygn1AE8pkOkmHziRxZiKUtAs3/oobF4q49SPc+TcmbRbaeuDC4Zx7ufceJ2RUKsP41nJLyyura/n1wsbm1vaOvrvXkkEkMGnigAWi4yBJGPVJU1HFSCcUBHGHkbYzvEr99gMRkgb+nRqFxObI86lLMVKJ1NOLl5WyWbE8xDk6GsM6HMNraHnkHhqFnl4yqsYUcJGYGSmBDI2e/mX1Axxx4ivMkJRd0wiVHSOhKGZkUrAiSUKEh8gj3YT6iBNpx9MnJvAwUfrQDURSvoJT9fdEjLiUI+4knRypgZz3UvE/rxsp98KOqR9Givh4tsiNGFQBTBOBfSoIVmyUEIQFTW6FeIAEwirJLQ3BnH95kbSOq+ZZ9fT2pFSrZ3HkQREcgDIwwTmogRvQAE2AwSN4Bq/gTXvSXrR37WPWmtOymX3wB9rnDxSrlTE=</latexit>

A→ (1→ ω)|B|E ↑ 0
<latexit sha1_base64="HIYOJrKo+1hcL1B8v/H3JVfTfOA=">AAAB+3icbVDLSsNAFJ3UV62vWJduBotQQUsivpZFNy4r2Ac0odxMp+3QmUmYmYgl9FfcuFDErT/izr8xabPQ6oELh3Pu5d57gogzbRznyyosLa+srhXXSxubW9s79m65pcNYEdokIQ9VJwBNOZO0aZjhtBMpCiLgtB2MbzK//UCVZqG8N5OI+gKGkg0YAZNKPbvsDUEIwB6TuHriHrtHpZ5dcWrODPgvcXNSQTkaPfvT64ckFlQawkHrrutExk9AGUY4nZa8WNMIyBiGtJtSCYJqP5ndPsWHqdLHg1ClJQ2eqT8nEhBaT0SQdgowI73oZeJ/Xjc2gys/YTKKDZVkvmgQc2xCnAWB+0xRYvgkJUAUS2/FZAQKiEnjykJwF1/+S1qnNfeidn53Vqlf53EU0T46QFXkoktUR7eogZqIoEf0hF7QqzW1nq03633eWrDymT30C9bHN8L4klE=</latexit>

ω → (↑1, 1)
<latexit sha1_base64="FjSGOCj/xWFR8qvzV4CNUC9EBoQ=">AAAB/3icbVDLSsNAFJ3UV62vqODGzWARXGhJxNdGKLoR3FSwD2hCmEyn7dDJTJiZCDV24a+4caGIW3/DnX/jpM1CqwcuHM65l3vvCWNGlXacL6swMzs3v1BcLC0tr6yu2esbDSUSiUkdCyZkK0SKMMpJXVPNSCuWBEUhI81wcJn5zTsiFRX8Vg9j4keox2mXYqSNFNhbSUDPD6An+wJeQ++eaBTQ/VJgl52KMwb8S9yclEGOWmB/eh2Bk4hwjRlSqu06sfZTJDXFjIxKXqJIjPAA9UjbUI4iovx0fP8I7hqlA7tCmuIajtWfEymKlBpGoemMkO6raS8T//Paie6e+SnlcaIJx5NF3YRBLWAWBuxQSbBmQ0MQltTcCnEfSYS1iSwLwZ1++S9pHFbck8rxzVG5epHHUQTbYAfsARecgiq4AjVQBxg8gCfwAl6tR+vZerPeJ60FK5/ZBL9gfXwDpP2Ulg==</latexit>

ui = →ωKεi,
<latexit sha1_base64="5brGNKl3M+rsGpWO8K3Gpa3YrTo=">AAACInicbVBNSwMxEM36bf2qevQSLEKFWnbFz1vRi8cK1ha6pWTT2TY0ya5JVijL/hYv/hUvHhT1JPhjTGsP2vpg4PHeDDPzgpgzbVz305mZnZtfWFxazq2srq1v5De3bnWUKAo1GvFINQKigTMJNcMMh0asgIiAQz3oXw79+j0ozSJ5YwYxtATpShYySoyV2vlzX/Ui7HfhDvuhIjT1stQ78AMwJCthv6djQiE9FCIbadhnEhfdkrefa+cLbtkdAU8Tb0wKaIxqO//udyKaCJCGcqJ103Nj00qJMoxyyHJ+osFu65MuNC2VRIBupaMXM7xnlQ4OI2VLGjxSf0+kRGg9EIHtFMT09KQ3FP/zmokJz1opk3FiQNKfRWHCsYnwMC/cYQqo4QNLCFXM3oppj9ikjE11GII3+fI0uT0seyfl4+ujQuViHMcS2kG7qIg8dIoq6ApVUQ1R9ICe0At6dR6dZ+fN+fhpnXHGM9voD5yvb27Nok8=</latexit>

ω → 1

1↑ ε
, ε ↓ (0, 1)

<latexit sha1_base64="6E1qbl0GNiKxWa/gS4FUoLoWmVk=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2PQi+AlinlAsoTZSW8yZHZ2mZkVQsgfePGgiFf/yJt/42yyB40WNBRV3XR3BYng2rjul1NYWl5ZXSuulzY2t7Z3yrt7TR2nimGDxSJW7YBqFFxiw3AjsJ0opFEgsBWMrjO/9YhK81g+mHGCfkQHkoecUWOl+9tSr1xxq+4M5C/xclKBHPVe+bPbj1kaoTRMUK07npsYf0KV4UzgtNRNNSaUjegAO5ZKGqH2J7NLp+TIKn0SxsqWNGSm/pyY0EjrcRTYzoiaoV70MvE/r5Oa8NKfcJmkBiWbLwpTQUxMsrdJnytkRowtoUxxeythQ6ooMzacLARv8eW/pHlS9c6rZ3enldpVHkcRDuAQjsGDC6jBDdShAQxCeIIXeHVGzrPz5rzPWwtOPrMPv+B8fAPZnIzt</latexit>

K
<latexit sha1_base64="ldEA+JUJTMqInrs9sUxJwnSgThI=">AAAB6nicbVDJSgNBEK1xjXGLevTSGIR4CTPux6AXjxHNAskQejo9SZOenqG7RghDPsGLB0W8+kXe/Bs7y0ETHxQ83quiql6QSGHQdb+dpeWV1bX13EZ+c2t7Z7ewt183caoZr7FYxroZUMOlULyGAiVvJprTKJC8EQxux37jiWsjYvWIw4T7Ee0pEQpG0UoPpbOTTqHolt0JyCLxZqQIM1Q7ha92N2ZpxBUySY1peW6CfkY1Cib5KN9ODU8oG9Aeb1mqaMSNn01OHZFjq3RJGGtbCslE/T2R0ciYYRTYzohi38x7Y/E/r5VieO1nQiUpcsWmi8JUEozJ+G/SFZozlENLKNPC3kpYn2rK0KaTtyF48y8vkvpp2bssX9yfFys3szhycAhHUAIPrqACd1CFGjDowTO8wpsjnRfn3fmYti45s5kD+APn8wdGBY0m</latexit>

(3)
<latexit sha1_base64="L6NBo++7OUAhMkb3FjoWlUTHZa4="></latexit>

Ã = A, B̃ = B, Ẽ =
1

ω
E.

Positive synchronization
Consider a graph family                   and the multi-agent system (1),     
(2). Suppose there exists                with             and              is 
Schur. Recall the protocol     . Suppose also that 

The trajectories of the multi-agent system remain nonnegative for 
all nonnegative initial conditions if and only if         is nonnegative.

<latexit sha1_base64="G198CK6r5Mk0LkHK8P6lKZO/UR4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJexKfByDXjxGNA9IljA76U2GzM4uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbD26nffEKleSwfzShBP6J9yUPOqLHSQ6ly1i0U3bI7A1kmXkaKkKHWLXx1ejFLI5SGCap123MT44+pMpwJnOQ7qcaEsiHtY9tSSSPU/nh26oScWqVHwljZkobM1N8TYxppPYoC2xlRM9CL3lT8z2unJrz2x1wmqUHJ5ovCVBATk+nfpMcVMiNGllCmuL2VsAFVlBmbTt6G4C2+vEwa52XvsnxxXylWb7I4cnAMJ1ACD66gCndQgzow6MMzvMKbI5wX5935mLeuONnMEfyB8/kDR4qNJw==</latexit>

(4)

<latexit sha1_base64="3V1rvK5nMnO8w4y9HrpTiwynGbg="></latexit>

F → G[ω,ε]
<latexit sha1_base64="bixJKbPrIAG4OVjfRIG+5djhPYw=">AAAB7HicbVBNSwMxEJ31s9avqkcvwSJ4seyKXxeh6EXwUsFtC+1Ssmm2DU2yS5IVy9Lf4MWDIl79Qd78N6btHrT1wcDjvRlm5oUJZ9q47rezsLi0vLJaWCuub2xubZd2dus6ThWhPol5rJoh1pQzSX3DDKfNRFEsQk4b4eBm7DceqdIslg9mmNBA4J5kESPYWMlPr47vnjqlsltxJ0DzxMtJGXLUOqWvdjcmqaDSEI61bnluYoIMK8MIp6NiO9U0wWSAe7RlqcSC6iCbHDtCh1bpoihWtqRBE/X3RIaF1kMR2k6BTV/PemPxP6+VmugyyJhMUkMlmS6KUo5MjMafoy5TlBg+tAQTxeytiPSxwsTYfIo2BG/25XlSP6l455Wz+9Ny9TqPowD7cABH4MEFVOEWauADAQbP8ApvjnRenHfnY9q64OQze/AHzucPRBqOWA==</latexit>

u = →Kx
<latexit sha1_base64="gwEDGfmjGfIQATFnQhabd3M+UGA=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2ARXJUZ8bUsiuCygn1AZyiZNNOGZjJjckcs0y78FTcuFHHrb7jzb0wfC209cOHknHvJvSdIBNfgON9WbmFxaXklv1pYW9/Y3LK3d2o6ThVlVRqLWDUCopngklWBg2CNRDESBYLVg97VyK8/MKV5LO+gnzA/Ih3JQ04JGKll73mChTBIsad4pwsD87zH148tu+iUnDHwPHGnpIimqLTsL68d0zRiEqggWjddJwE/Iwo4FWxY8FLNEkJ7pMOahkoSMe1n4/2H+NAobRzGypQEPFZ/T2Qk0rofBaYzItDVs95I/M9rphBe+BmXSQpM0slHYSowxHgUBm5zxSiIviGEKm52xbRLFKFgIiuYENzZk+dJ7bjknpVOb0+K5ctpHHm0jw7QEXLROSqjG1RBVUTRAD2jV/RmPVkv1rv1MWnNWdOZXfQH1ucPAMGWGg==</latexit>

|u| → Ex
<latexit sha1_base64="6Tq5YnnKrOrsFiCu4xVUcmz/UNk=">AAAB/HicbZDLSsNAFIYnXmu9Rbt0M1gEN5ZEvC1r3QhuKtgLtKFMJpN26GQSZk6EEuqruHGhiFsfxJ1v47TNQlt/GPj4zzmcM7+fCK7Bcb6tpeWV1bX1wkZxc2t7Z9fe22/qOFWUNWgsYtX2iWaCS9YADoK1E8VI5AvW8oc3k3rrkSnNY/kAo4R5EelLHnJKwFg9u9QFLgKGr09yqOG7nl12Ks5UeBHcHMooV71nf3WDmKYRk0AF0brjOgl4GVHAqWDjYjfVLCF0SPqsY1CSiGkvmx4/xkfGCXAYK/Mk4Kn7eyIjkdajyDedEYGBnq9NzP9qnRTCKy/jMkmBSTpbFKYCQ4wnSeCAK0ZBjAwQqri5FdMBUYSCyatoQnDnv7wIzdOKe1E5vz8rV2t5HAV0gA7RMXLRJaqiW1RHDUTRCD2jV/RmPVkv1rv1MWtdsvKZEvoj6/MH7ZmTqg==</latexit>

Ã→ B̃K
<latexit sha1_base64="G198CK6r5Mk0LkHK8P6lKZO/UR4=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBDiJexKfByDXjxGNA9IljA76U2GzM4uM7NCCPkELx4U8eoXefNvnCR70MSChqKqm+6uIBFcG9f9dlZW19Y3NnNb+e2d3b39wsFhQ8epYlhnsYhVK6AaBZdYN9wIbCUKaRQIbAbD26nffEKleSwfzShBP6J9yUPOqLHSQ6ly1i0U3bI7A1kmXkaKkKHWLXx1ejFLI5SGCap123MT44+pMpwJnOQ7qcaEsiHtY9tSSSPU/nh26oScWqVHwljZkobM1N8TYxppPYoC2xlRM9CL3lT8z2unJrz2x1wmqUHJ5ovCVBATk+nfpMcVMiNGllCmuL2VsAFVlBmbTt6G4C2+vEwa52XvsnxxXylWb7I4cnAMJ1ACD66gCndQgzow6MMzvMKbI5wX5935mLeuONnMEfyB8/kDR4qNJw==</latexit>

(4)
<latexit sha1_base64="oFyGq3k+ikwNiA5o8UdmmS+mA5E="></latexit>

→1 < ω ↑ 1

1 +
∑N

j=1 wij

↓i = 1, . . . N.

<latexit sha1_base64="JuRGpWl7Y+4yxbenFDHBedEyJds=">AAAB6XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKr2OIF8FLFPOAJITZyWwyZHZ2mekVwpI/8OJBEa/+kTf/xkmyB00saCiquunu8mMpDLrut5NbWV1b38hvFra2d3b3ivsHDRMlmvE6i2SkWz41XArF6yhQ8lasOQ19yZv+6GbqN5+4NiJSjziOeTekAyUCwSha6aF61yuW3LI7A1kmXkZKkKHWK351+hFLQq6QSWpM23Nj7KZUo2CSTwqdxPCYshEd8LaliobcdNPZpRNyYpU+CSJtSyGZqb8nUhoaMw592xlSHJpFbyr+57UTDK67qVBxglyx+aIgkQQjMn2b9IXmDOXYEsq0sLcSNqSaMrThFGwI3uLLy6RxVvYuyxf356VKNYsjD0dwDKfgwRVU4BZqUAcGATzDK7w5I+fFeXc+5q05J5s5hD9wPn8ALoKNJQ==</latexit>

BK

<latexit sha1_base64="GcktJKJvG+5Vxu2g4XlNWL0XRAI="></latexit>

A =

[
0.4 0.8
0.4 0.7

]
; B =

[
→0.6 0.002 →0.2
→0.4 0.005 0.03

]
;

Consider multi-agent systems composed by 150 homogeneous, positive 
agents and the family of regular graphs                           with degree 7 and 20.

<latexit sha1_base64="d7HMWPRX9B9tGAGOG8WCHfPWiLg="></latexit>

ω = 0.25, ε = 3.83, Ẽ =
1

ε
E =




0.02 0.05
0.07 0.07
0.07 0.003





<latexit sha1_base64="YlS1zZP9pFltORkSFeYm4el0HYY="></latexit>

G → FR → G[ω,ε]

<latexit sha1_base64="zhImoRkLyvvQrFonFSf+AGbiu8o=">AAAB9HicbVDLSsNAFL2pr1pfUZduBovgKiTiayMU3bisYB/QhjKZTtqhk0mcmRRK6He4caGIWz/GnX/jpM1CWw8MHM65l3vmBAlnSrvut1VaWV1b3yhvVra2d3b37P2DpopTSWiDxDyW7QArypmgDc00p+1EUhwFnLaC0V3ut8ZUKhaLRz1JqB/hgWAhI1gbyVc33QjrYRBm3tTp2VXXcWdAy8QrSBUK1Hv2V7cfkzSiQhOOlep4bqL9DEvNCKfTSjdVNMFkhAe0Y6jAEVV+Ngs9RSdG6aMwluYJjWbq740MR0pNosBM5hHVopeL/3mdVIfXfsZEkmoqyPxQmHKkY5Q3gPpMUqL5xBBMJDNZERliiYk2PVVMCd7il5dJ88zxLp2Lh/Nq7baoowxHcAyn4MEV1OAe6tAAAk/wDK/wZo2tF+vd+piPlqxi5xD+wPr8AWAOkds=</latexit>

s = 1.

<latexit sha1_base64="nWiA6T4G4UVrBJqLbRPnJ6WLQEs=">AAACCnicbZDLSsNAFIZPvNZ6i7p0M1oEVyURbxuhqAuXFewF2lIm00k7dDIJMxOhhK7d+CpuXCji1idw59s4SbOorT8MfPznHOac34s4U9pxfqyFxaXlldXCWnF9Y3Nr297ZraswloTWSMhD2fSwopwJWtNMc9qMJMWBx2nDG96k9cYjlYqF4kGPItoJcF8wnxGsjdW1D9oB1gOCObpFGXp+4o6vprhrl5yykwnNg5tDCXJVu/Z3uxeSOKBCE46VarlOpDsJlpoRTsfFdqxohMkQ92nLoMABVZ0kO2WMjozTQ34ozRMaZe70RIIDpUaBZzrTDdVsLTX/q7Vi7V92EiaiWFNBJh/5MUc6RGkuqMckJZqPDGAimdkVkQGWmGiTXtGE4M6ePA/1k7J7Xj67Py1VrvM4CrAPh3AMLlxABe6gCjUg8AQv8Abv1rP1an1Yn5PWBSuf2YM/sr5+AUVrmgQ=</latexit>D1 = 1

<latexit sha1_base64="X10WvnZXk0qj+VedZGK4YXD/fxQ="></latexit>

G → G, G = {VG , EG} , N = |VG | , EG ↑ VG ↓ VG
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<latexit sha1_base64="vzsdQzhirqdzWTRspOnG0dOVuAs=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0nEr2PRi8cK1hbaUDbbTbt0dxN2J0IJ/QtePCji1T/kzX9j0uagrQ8GHu/NMDMviKWw6LrfTmlldW19o7xZ2dre2d2r7h882igxjLdYJCPTCajlUmjeQoGSd2LDqQokbwfj29xvP3FjRaQfcBJzX9GhFqFgFHMp6YtKv1pz6+4MZJl4BalBgWa/+tUbRCxRXCOT1Nqu58bop9SgYJJPK73E8piyMR3ybkY1Vdz66ezWKTnJlAEJI5OVRjJTf0+kVFk7UUHWqSiO7KKXi/953QTDaz8VOk6QazZfFCaSYETyx8lAGM5QTjJCmRHZrYSNqKEMs3jyELzFl5fJ41ndu6xf3J/XGjdFHGU4gmM4BQ+uoAF30IQWMBjBM7zCm6OcF+fd+Zi3lpxi5hD+wPn8AZSLjfM=</latexit>ui
<latexit sha1_base64="/ykSm/0d+EtI4raNLvnu/ldfato=">AAAB73icbVDLSgNBEOz1GeMr6tHLYBA8hV3xdQx68RjBPCBZwuxkNhkyO7vO9Aox5Ce8eFDEq7/jzb9xNtmDJhY0FFXddHcFiRQGXffbWVpeWV1bL2wUN7e2d3ZLe/sNE6ea8TqLZaxbATVcCsXrKFDyVqI5jQLJm8HwJvObj1wbEat7HCXcj2hfiVAwilZqdZ440q4odktlt+JOQRaJl5My5Kh1S1+dXszSiCtkkhrT9twE/THVKJjkk2InNTyhbEj7vG2pohE3/nh674QcW6VHwljbUkim6u+JMY2MGUWB7YwoDsy8l4n/ee0Uwyt/LFSSIldstihMJcGYZM+TntCcoRxZQpkW9lbCBlRThjaiLARv/uVF0jiteBeV87uzcvU6j6MAh3AEJ+DBJVThFmpQBwYSnuEV3pwH58V5dz5mrUtOPnMAf+B8/gCgRY+2</latexit>

ωi

<latexit sha1_base64="k5wsYOLa+N67oVGy+SFrlcUHG4o="></latexit>

ωi(k) =
1

1+
∑N

j=1 wij

∑
k→Ni

wik(xi(t)→ xk(t))

Weighted, undirected, connected graphs 

               

The regularised Laplacian    of    is  

     

     where     is the degree matrix of the graph and              . 

We consider graph families for which the regularized Laplacian 
eigenvalues           are lower and upper bounded  

    where                                     

<latexit sha1_base64="+D83s3QeN6c5QcNJeOlum9GVtIk=">AAAB+nicbVC7TsMwFHV4lvJKYWSxqJDKUiWI11jBAGOR6ENqoshxndaq7US2A6pCP4WFAYRY+RI2/ganzQAtR7J0dM69uscnTBhV2nG+raXlldW19dJGeXNre2fXruy1VZxKTFo4ZrHshkgRRgVpaaoZ6SaSIB4y0glH17nfeSBS0Vjc63FCfI4GgkYUI22kwK54PA1ozeNIDzFi8OY4sKtO3ZkCLhK3IFVQoBnYX14/xiknQmOGlOq5TqL9DElNMSOTspcqkiA8QgPSM1QgTpSfTaNP4JFR+jCKpXlCw6n6eyNDXKkxD81kHlHNe7n4n9dLdXTpZ1QkqSYCzw5FKYM6hnkPsE8lwZqNDUFYUpMV4iGSCGvTVtmU4M5/eZG0T+ruef3s7rTauCrqKIEDcAhqwAUXoAFuQRO0AAaP4Bm8gjfryXqx3q2P2eiSVezsgz+wPn8ANI+TUw==</latexit>

µi(G)


